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UNIQUENESS OF MINIMAL SURFACES
EMBEDDED IN r3}, WITH TOTAL CURVATURE 121

C. J. COSTA

1. Introduction

A well-known general uniqueness question for minimal surfaces in a
Euclidean 3-space R? is the determination of all the embedded complete
minimal surfaces with finite total curvature. Until recently the only known
surfaces were the plane and the catenoid. In [1], the author has constructed
an example of a complete minimal immersion of genus one and three
embedded ends. Later in [3], D. Hoffman and W. Meeks have proved
that this surface is embedded. Inspired by this surface they were able to
construct, for each genus y > 1, a complete minimal embedded surface
with three ends.

The plane and the catenoid have total curvature zero and 4II, respec-
tively, and they are the only embedded complete minimal surfaces with
such properties. In [10], R. Schoen shows that there does not exist a com-
plete minimal surface embedded in R3 with total curvature 8II.

In this work we make a contribution to the classification of minimal
embedded surfaces in R? with total curvature 12I1.

We say that two minimal surfaces M and M’ in R? are the same if there
exists a rigid motion and a homothety in R? that carries M onto M’.

The main result to be proved in this paper is the following theorem.

Theorem 1. There exists a unique complete minimal immersion in R3
of genus one and three ends with finite total curvature such that.

(a) the ends are embedded and parallel,

(b) two ends are catenoid type and one end is flat.

We prove, also, the following corollary.

Corollary 1. Let M be a complete minimal surface embedded in R® with
total curvature 1211. Then, we have two possibilities:

(a) M is the surface that appears in [1] and [3].

(b) M is of genus one with three ends of catenoid type.
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Remark 1. We know that D. Hoffman and W. Meeks in [4] have con-
structed a 1-parameter family M, ¢ € (1, ), of embedded minimal sur-
faces in R* of genus one and three ends of catenoid type. M, is conformally
equivalent to C/L,, where L, = {m+ nti € C;m,n € Z}, punctured in the
three half-lattice points. Recently, in [2], we have proved the uniqueness of
this family;fthat is, for each r € (1,00), there exists, at most, one complete
minimal surface M,, embedded in R?® with three ends of catenoid type,
where M, is conformally equivalent to C/L, punctured at three points.

To provc Theorem 1, we consider the compact Riemann surfaces of
genus one, M, with complex structures induced by lattices L of C. Through
n:C—C/ L = 7\__41; we identify elliptic functions and elliptic differentials
of L with meromorphic functions and meromorphic differentials of M|,
respectively. Then, in this way, we consider the Weierstrass representation
(g, w) of the immersions x: M — R3 with the properties of Theorem 1,
where M ¢ M, is not compact.

The author would like to acknowledge his sincere gratitude to M. P. do
Carmo and H: ROsenberg for their encouragement and valuable conversa-
tions in the preparation of this paper.

2. Complete minimal immersions in R3

In [7] or [9], we have the following theorem of representation of com-
plete minimal surfaces, called Weierstrass-Osserman’s representation:

Theorem 2. Let x: M — R? be a complete minimal immersion of finite
total curvature. Then the following hold.

(a) M is conformally equivalent to a compact Riemann surface of genus
y, M, punctured at the points qi,--- ,qy.

(b) There exist a meromorphic function g and a meromorphic differential
w in M, such that w is holomorphic in M and q € M is a pole of order m
of g if and only if q is a zero of order 2m of w. g is the Gauss normal of
the immers‘ion,

(c) If & is a closed path in M, then

Ré/gw:O and /w=/g2w.
s s s

(d) Every divergent path in M has infinite length.

Conversely, let My be a compact Riemann surface, let M = Hy -
{a\, - ,an}, where q\,--- ,qn € M,, and let g, w be a meromorphic func-
tion and a meromorphic differential in M,, respectively. If (g, w) satisfies
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(b) and (c) then x: M — R3,

q

x(@) = 3 Re [ (1~ 8w, i(1 + g%w, 2gw)
q

is a minimal immersion with finite total curvature. Furthermore if x satisfies

(d), x is complete.

IfD;cM,,j=1,---,N,is a small topological disk with ¢; € D;, then
F; = x(MNDj) is an end of the immersion. Let 1 < j < N be fixed. Since
g is the Gauss map of x, we can suppose, after a rotation of x in R3, that
g(g;) = 0. In this situation, [5], F; is an embedded end if and only if g; is
a pole of order two of w. Then, around g;, we have the local expressions

glzy=apz"+o(2)"', a,#0, n>1,

w(z) = %-i—o(z)‘l, b#0.

We say that the embedded end F; is of catenoid type if n = 1, and is a
flat end of order n — 1 if n > 1. In the latter case, the coordinate x;(q) =
Re [ Yew,qeD ;N M, is bounded and the immersion approaches a plane
parallel to the plane x; = 0.

3. Elliptic functions and minimal immersions of genus one

fF={t=x+iyeCx?+y*>1,y>0 -4 <x<1}and
L{l,7) = {m+ nt;m,n € Z} are the lattices of C, where 7 € F, then
C/L(1,1) with complex structures induced by n: C — C/L(1,1) are all
Riemann surfaces of genus one. That is, in [6], we have the following
theorem.

Theorem 3. Let L be a lattice in C and let M; = C/L equipped with
the complex structure induced by L. Then there exists T € F such that
C/L(1,1) is conformally equivalent to M. Furthermore, if C/L(1,1) and
C/L(1,%), 1,7 € F, are conformally equivalent, then t, 1 € 4 F.

Remark 2. Henceforth, we shall consider only the compact Riemann
surfaces C/L(1, ), where L(1, 1) is a lattice as in Theorem 3. To simplify,
we set T, = C/L(1,1).

Two points z;, z, € C are congruent, z; = z,, if z; — z; € L. Otherwise,
they are incongruent and we shall write z; # z;. A set {zj,---,Z,} is
incongruent if z; Zz;, i,j=1,---,n, i #J.

We define the middle-points of L(1, 1),

_1 Wy = — l1+71 w

2, 2 = P 3

[N TR
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and the numbers ‘
€j=P(’UJj), j:1,2,3,

where P is the Weierstrass function of L(1, 7).
We also have the quasi-elliptic function {: C — C U {oo} of L(1,7) and
the numbers n; € C, j = 1,2, 3, such that

{(z) = -P(2), {(w))=m;, {(z+2w;)=1{(z)+2n;
We have the following additive property for {:

P'(z1) ¥ P'(23)

{(z1 % 22) = {(z1) £ {(2z2) + Pz =Pz

andat 0 e C,
1 1 5
l(z) = ~+ 0(z)) and P(z)= st o(z)%.

We shall need the following proposition which was proved in [1].
Proposition 1.  In the lattice L(1, i) we have (a) 21, = 1 and (b) e; = 0,
e = —e3 > 0. )

4. Proof of Theorem 1.

To prove our main result we shall need several propositions and lemmas.
The first one is: k
Proposition 2. Let g,w be an elliptic function and an elliptical differ-
ential of a lattice L(1,7), respectively, and let z,, z, € C such that
(a) z1 +z2 #£0, '
(b) g has order three, {z,, z2,ws} as an incongruent set of poles, where
s €{1,2,3}, and a zero in 0 € C, and
(c)w=(P~e)dz andRes;; g*w =0, j=1,2.
Then
P(z))+P(z2) _ Plzi)) _  Pl(z)
P(z1) = P(zz) P(z1)—¢ P(z;) — &’
and z| = Z, + w;.
Proof. Figure 1 shows the poles and zeros of g and w in the case s = 2.
Observe that we do not know the order of the zero of g at 0 € C. We set

(1) PJ=P(ZJ), PJI=PI(ZJ), ]=1,2.

From (a) and (b) we observe that

Pi#P, and P;—e #0, Jj=12.
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T

FiGURE 1
There exist a, b, c € C — {0} such that
g(z) = al(z — ws) + bl{(z — z1) + c{(z ~ z2) + al(w;) + b{(z1) + c{(22),

(2) a+b+c=0.

By using the lacal expression for {(z) in a néighborhood of 0 € C, we find
the following expression for g in a neighborhood of z; (see §3):

8(2) = =2 4+ al(zy —w;) + etz - 22)

Z— Z) )

+ al(ws) + b¢(z1) + cl(z2) + o(z — z1)".
Thus, by using the additive properties of ¢, (1) and (2) we have
1 [ aPl  c(P|+ P}

)= 2 +1
o zZ— 2 2 Pl—es P]-Pz

] +o0(z - zl)yl.

Then, at z;,

b? aP/ c(P{+ P}) b
2(,) = —o 1 1 2 0
() (z-2)? [Pl — &5 P-P | z—2 o(z = z1)’,

and from (c)
w(z) =[P —es+ P{(z— z)) +0(z — z;)?]dz.

Hence,

| ) / / P!
Rzesgzw — b2P! + b(P, — ¢;) [ aP| c(P] + 2)] :

P] - es Pl - P2
From (c) and (2) it follows that
Pl P+P
Pi—e, P —P
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In the same way, by usmg the local expressions for g2 and w at z;, we
obtain .
P, P+ P
" Py—e B pP—-P’

and therefore

3) R s R i =P1’+P2’.
Py —e P—es P-P
On the other hand, let / be the elliptic function
/ /
h(z) = P'(z) P

P(z)—e, P =—e
Since # is of order two and has simple poles at-0 and w;, P is an even
function and P’ is an odd function. Thus by (3) we have

h(zl) h( Zz')*O,

and therefore z; = —z; or 21 — z; = ‘w,. But from (a) it follows that
2z, + z, # 0. Hence z; = z, + w,, which c'ompletes the proof.

By using Proposition 2, we shall prove the following.

Lemma 1. There does not exist a complete minimal immersion in R3
of genus one and three ends with the Jollowing properties:

(a) The ends are embedded and parallel. '

(b) Two ends are of catenoid type and one end_is flat of order 1.

Proof. By contradlctlon we will suppose that there exists an immersion
x: M =T.—{q, 4>, ¢} — R> with the properties of the lemma. Let (g, w)
be the Weierstrass representation of x. Since the ends are embedded, the
total curvature ¢(Af) = 12I1 and g is a meromorphic function in 7 (that
is, an elliptic function in L(l 7)) of order three. Let F; be the ends of x
associated to the points g;, ji=1, 2,3, where F3 is the ﬂat end of order 1.
We must consider two cases:

Case 1°: g(q1) = g(q2) # g(q3) and Case 2°: g(ql) sé 8(q2) = 8(q3)- -

In the first case, after a rotation of x in R® we may suppose that g(g1) =
g(q2) = oo and-g(g3) = 0, where g3 is a double zero of g. Since F; and
F, are ends of catenoid type, ¢, and g, are simple poles of g. Therefore
there exist 7 € M, a simple pole of g, and ¢’ € M, a simple zero of g.
Since F; is embedded; w has a double pole at g;.- From (b) of Theorem 2,
w has a double zero at § € M. Thus, after a homothety, a rotation of the
immersion around the x3-axis in R and a translation of coordinates in C,
we have

w=(P-e)dz, se{l,2,3}, n(0)=a, 7n(w)=7,
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where z: C — T, = C/L(1, 7) is the canonical projection. We define zi; 25,
z' € C such that _ .
x n(z)=4q', mz))=q;, Jj=12,
and remark that s - o
(4) {0,wy, z’, 21, 22} is L(1, t)-incongruent. -

Figure 2 shows g and w for s = 2,

T
o0 - 21
A
{
o0+ 22 \I/ 0.2'
PO 3
0 g :
FIGURE 2
We have
5) : v ntrws =2,

which togethg__ruw‘ith 4 imp'lies that z; +z, # 0. We also have Res,, w = 0,
J = 1,2. Thus from (c) of Theorem 2 it follows that

Resg?w =0, : j=1,2,
Zj
so that g and w satisfy the hypothesis of Proposition 2. Therefore by
using the notation (1) we obtain 4
P+P, P -P
Pl —P2 - P] — €5 - Pz—-es.

On the other hand, the elliptic differential gw has simple poles at zj,
z, and simple zeros at wy, z'. Then there exists & € C, & # 0, such that

gw =a[l(z — z1) = {(z = z2) ~ {(ws = 2)) + {(ws — 22)] d 2.
From (c) of Theorem 2,

(6) = z'zvv-.# W,

@) - Resgw =acR..
Z
By using the additive properties for ¢ and‘tﬁe'hotatiOn (1), we have o
P ' ’ ' / 7 11
qwo G[PtP _P+P P P,

2| PP  P—-P, "P—e¢ P,—¢s
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We define the paths a, f: [0,1] — C as
a(t) =t +vo1, Bt) = up + t7,

where 0 <uy < 1,0<wvyg<1landsuchthat toa C M, nof C M. Then,
from [11, vol. 3, p. 61 and vol. 4, p. 109] we have

z= [log E +2zC z,)]

Re/P -dz = [Relog|P - Pj]; =0,

J
P_

where j =1,2,6 € {a, 8}, and o is the classical g-function of Weierstrass.
We remark that ¢ satisfies the following properties of addition in L(1,1)
[11, vol. 1, p. 61]:

' 0(z +2w;) = —eMiZtwig(z), j=12,3.
By using (c) of Theorem 2, (7) and the additive properties of o, we con-
clude that Re [ gw =Re [ 58w =0 if and only if

Re[2m(z2 — z1) + {(z1) = {(22)] + %Re (PII2 e leE é‘s) =0

1 P TP\
Rel2na(z2 - 21) + 2d(z) ~ 7 (2] + 3 Re (ol — 24 ) =0,

Also, from (6) and the additive propertiés of { it follows that

) = ¢z) + gy = La = 22).

The equations above imply that

(8) Re [2771(22 —2) 4Lz - 22) _%Pz’}'e } Zo,
' T P
O Re[tm-zeeiei-m -3 Pz_es]=o.

On the Gther hand, from (6) we have
L zy—zi=m4+ Rt 4w, mneZ.
Hence,
{(z1 — z2) = —2mm —2nn3 — 7.
This last expression, the Legendre relation, #3 = 11, — 7i, and the additive -
relation Ejf:l n; = 0 imply that

Re[2nj(z2 — z1) + 2w;l(z1 — 22)] =0,  j=1,3, s=1,2,3.
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Finally, using the expression above, (8) and (9) we obtain
p
P2 — € N
But from (4) it follows that P, — e, # 0. Thus P} = P'(z;) = 0 and
zy = w;, t € {1,2,3}, t # 5. This fact combined with (5) and (6) implies
that z; = w,, where (s, ¢, k) is a permutation of (1,2, 3), and z’ = 0. Since
this is a contradiction to (4), the first case cannot occur. '

In the second case, after a rotation of x in R* we can suppose that
g(qy) = g(g3) = co and g(g1) = 0. Since F; is a flat end of order 1 and
F\,F, are ends of catenoid type, g3 is a double pole of g, ¢, is a simple
pole of g and ¢, is a simple zero of g. Thus g is holomorphic in M, and
from (b) of Theorem 2, w is holomorphic in M and w(q) # 0, for all
g € M. On the other hand, since the ends are embedded and F; is flat,
w has a double pole at g, and a double zero at g;. So, after a homothety
of the immersion in R3, a rotation around the x;-axis and a translation of
coordinates in C, we have ‘

w=(P-e)dz, se€{l,2,3}, n(0) = qi, n(g3) = wy.

We also define z, € C, such that n(z;) = ¢,. Figure 3 shows g and w for
s=2.

FIGURE 3

So, there exist a¢,b € C — {0} and d € C such that |
g=al(z—zy) +bP(z —wy) —al(z — ws) +d.
At w;, we have, | '

g(z) = (z __bws)z - (z fws) +o(z - ws)oa

w(z) = |[—5—(2 - ws)? +o(z — @5)4 dz.
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Also, since w has a zero of order exactly two at w;, P”(w,) # 0. Further-
more [11, vol. 1 p. 175], we have

(10) P"(ws) = 2(ex ~ &) - (e, —es) # 0.

Thus,
: Res g?w = —abP"(w;) # 0.
Ws
But, from (c) of Theorem 2,
27iRes g?w = —2niResw = 0.
Wy Wy

This is a contradiction, so we conclude the proof of Lemma 1.

Lemma 2. Let x: M = T — {q1,q2,q3} — R? be a complete minimal
immersion of genus one.and three ends with the following properties:

(a) The total curvature c(M) = 1211

(b) The ends are parallel. ,

(c) Two ends of the immersion are of catenoid type, and one end is flat
of order two. ,

Then, after a rigid motion and a homothety of the immersion in R3, the
Weierstrass representation (g, w) of x is

2B(ek — e,)

- P

where (s, k, t) is a permutation of (1,2, 3), B€ R—{0}, n(0) = g3, n(w) =
q1 and n(w,) = q,. Furthermore, in the lattice L(1,7), t =x + iy € F, we
have

) @nTe) =B (

w = (P—es)dz,

2n + ex + 2 + e
ey — e e —e }’

, S 2 1 1

(11) y-(2n, +e)—n=nB (ek—€s+€z—€s>'

Proof. From (a) we have that g is a meromorphic function of order
3 in T,. Then, after a rotation of the immersion in R3, g has a zero of
order 3 at g5 and simple poles at g; and g». So, there exists ¢’ € M such
that ¢’ is a simple pole of g. Since the ends are embedded, w has double
pole at g;. From (b) of Theorem 2 w has double zero at ¢’. Then, after a
homothety and a rotation of the immersion around the x3-axis in R? and
a translation of coordinates of C, we arrive at

(11) w=(P-e)dz, s€{1,2,3}, n0)=q3, 7wy =g
We define z;, z; € C such that
(12) ' n(z1) =4y, n(z2) = q».
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o0 2
—————— -1 O ""-‘————102
/ /
1/ !
. /
/ ©o - 22 3
/ L
g 1 002 w 1
FIGURE 4

Then'{O, Zy, 22, Ws } is L(1, T)-incongruent.
- Figure 4 shows g and w for s = 2.
Abel’s theorem implies that

(13) 21+ 23+ w, = 0.

A}Sb;’ from (c) of Theorem 2 and (11), we have

(14) Resg’w = ~Resw =0, j=1,2.
2j 2j

Using (11), (13), (14) and considering the positions of the poles and zeros
of g, we conclude that g and w satisfy the hypothesis of Proposition 2.
Thus z; = z, + w;, which together with (13) implies that 2z; =0, j = 1,2.
Hence, ' ,

(15) ‘ 2] = W, 22 =Wy,

where (k, s, t) is a permutation of (1,2,3).

From (11), (12) and (15) we see that there exists B € C, B # 0, such
that the Weierstrass representation of x is
1

(16) g =2B(ex — e,

w=(P-e)dz.

Since

3
(17) (P’)2=4E(P—ej) and (e'_;k)_(zrr—el)=P(z—w,)—e,,

where (r, h,1) is a arbitrary permutation of (1,2,3), we arrive at

’w—-li £ P dz
EW=3\P-e P-e)?®




608 C. J. COSTA

Since at w;,

1 »
= + 0{Z — Ws)",
(Z'—‘ws)z ( -Y)

from (10), (17) and (c) of Theorem 2 we obtain
P(z—wy) — e |
(e — ex)(es — ex)

which together with (16) proves the first part of Lemma 2.
Now, we define the paths o, 8:[0,1] — C,

P(z —ws) =

=B€R—{O},

Resgw = 5 Res P’
Wy 2

a(t) =§+z, B = —+n

Then 7 o o and 7 o § generate the homology of 7;. From:(18), (16) and
(c) of Theorem 2, we have

2m +e 2n +e
2 1 k 1 t
/w @ +e) =— /gw B[ek—es et_es],

2m + ekr 2n3+ et
2 = 2 :
=TT - [ o =g PRI 222

Hence, Legendre’s relatlon, n3 = T — i, implies that the equations above
are equivalent to equations (I) and (II). This concludes the proof.

Our next goal is to show that equations (I) and (II) of Lemma 2 are
satisfied if and only if L(1,7) = L(1,{), B = \/n/2 and s = 2. This result
will be an immediate consequence of Lemmas 3 and 4 below. In order to
prove this fact we will need several proposmons First a little remark: If
T=x+1iy€F, then - : :

(19) y>V3/2, eV >15 and e >23.

Proposition 3. For every lattice L(1,7), T = x + iy € F, we have
(a) yRe(2m +e;) > 2n and Re(ej —e1) <0, j = 2,3,
(b) (- )fIm(e,—el) >0ifx > O and (—1)/ Im(e; —e;) < 0 if x < 0,
j=2,3. :
Proof. To prove (a) we shall use [11, vol. 3, p. 138]
2n

qg= eint_
q2”

(20) 2N +e =7 —87:22 1)"

Thus,
o

Re(2n, +e)) = n% — 8n? Z(—l)”

n=1

ne=2™ (cos2mnx — e~ M)
1 — 2e-27ny cos 2nnx + e—4nny’
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which implies that
87[ 1+ e"z’”’ i -27my

2
Re(2ﬂ1+el)27z. - l-e T

and therefore that, in consequence of (19)

8721 + e‘z"y)e‘z"y, ‘

2

| nyc(2ﬂ1+e1)2.’y[n - (1= e-2mry3 ] > 27.
Also, we have [11, vol. 2, p. 27] _

(21) er—e =-m'yl, e3—e = -nyl,,

where

p2=1+2> (-D"¢", p3=1+2)g"
n=1

n=1

Thus, by (19) we otain, for j = 2,3,
= 1 I
lReyl‘,j—1|§22e‘”"y<7, [Imyu|<7,
n=1

and
(22) Argy | <n/8, =23,
which together with (21) implies that

Re(e; —e) <0, j=2,3.

Hence (a) is proved. To prove. (b). for j = 2, we notice that
Im y;2(x Z ="'V sin n’nx.

If  <x <1, then

N—

Imp2(x) < ~2e™™sin 2 +23 " e™™ < 0.
, 6 n=4 .

If 0 < x < }, we obtain

(Imy, ,)(x) = 2% Z €™ cos mntx

< —nv3e ™ + 21 Z ne ™ < 0.

n=4
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Since Imy;2(0) = 0 and Imy,>(x) is an odd function of x, the results
above imply that

Imy;p(x) <0, x>0 ‘and Imp(x) >0, x<0.

This fact together with (21) and (22) prove (b) for the case j = 2. In
the same way, we can prove (b) for the case j = 3. Hence the proof of'
Proposition 3 is complete.

Proposition 4. Let L(1,7) be a lattice where T = x + iy € F Then the
Sfollowing hold. : : .

(a) Re(2ny +e3) =2n+e3 < 0ifx =

(b) (-1) Im(2n; + ;) >0 if x > 0, and( 1Y Im(2n; +e;) <0,
ifx<0,j=2,3.

(c) Im(e; —e3) >0 if x > 0, andIm(ez—e3) < 0ifx<0.

(d) Refez — e3) = (e2 —e5) > 0 if x =

Proof. We have [11, vol. 3, p. 138] ‘

)n+lnq
1-— q2n ’

2m te = 87:22

n=1"

[ o]
n
(23) 2m+e=-8nty T,
8 n=1

where g = e'**. If x = 0, then

ne‘"”y
Re(2m +e5) = —87:22 e <O

which proves (a).
In order to prove (b), let y > \/§/2 be fixed. Then

Im(29; + e3) = —8n? Z L,(x),

Im(2n; + &) = —8n22(—1)"L,,(x>,

n=1
where . :
_ L p—2BNY\ ,—TNY o}
Ly(x) = NE) [#(1 +e )e ™ sinznx},
Dy(x) = 1—2e™™ cos 2znx + e~ 4™,
Also
L(x)= [mn2e™¥(1 + e‘z"”y)(D,n(X) — 8¢~ sin? nx) cos Tnx].

DZ( x)
Since Im(2n; + ;) is an odd functlon of x, it is sufficient to prove (b) for
x > 0.
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If 0 < x < 1, then, from (19),

, ne ™ (1 —10e~2w) _  me ™™
Li(x) > T o) 0s 7 > 5

and, for n > 2,

n(l+e 4wy

/
IL I - 1 __e—47ry)4

e < %n%_"”}’.
Furthermore, by using (19), we obtain

—ny

i n2e*7my _ 4e—-27ry _ 3e—37ry + e—47ry < E
(1 —e—m)3 5¢

So, if 0 < x < 4, the expressions above yield that

[ o]

2L<x > Li(x) = Y |LL(x)| >0,

n=2

S(=1)"Ly(x) < ~Li(x) +Z!L ()l <0,

n=1
which further imply that (—1)/ Im(2#, +e j) is an increasing function of x,
0<x<1 j=1,2. Since Im(2n;+e¢;) =0,if x =0, j = 2,3, we conclude
that 4
(=1)/ Im(2n; + €;) > 0, O<x<li j=23
On the other hand, if } < x <1 then, from (19),
e~ . 3
> —  _sin= > Ze™W
Li(x)> 5oy sin 72 5e ,
and, for n > 2,
l+e4m _
‘Ln(X)‘ < my—)zne nny < 2ne™ ™,
Furthermore, by using (19), we obtain

(l—e-mw)2 — 5

then

iL,,( > Ly(x Z|L,, )| >0,
Z ) S —Li(x)+ Y |La(x)| < 0.
n=1 n=2

So, 1f‘<x52,
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Thus, _
(=1 ImQ2m +e;) >0, L<x<i, j=23,

which completes the proof of (b).
In order to prove (c), let y > v/3/2 fixed. Then [11, vol. 2, 27]

4
oo
(24) e, — ey = 16n%g [1 +> q("2+">} = 167%gy3 5(x),

n=1

where
Repys(x) =1+ Ze"‘ n+n)Y cos m(n? + n)x,

o0

Imy,3(x) = Z w(n* )Y sin w(n? + n)x.

Thus, from (19) we have

|Reyas(x)~ 1| <) ™™ <1072, |Imyy3(x)| < 1072,
n=2
and therefore

(25) |Arg y33(x)| < 7/6.
Now, if 0 < x < £, then, by using (19),

(Imypy3)(x) =7 (n*+ n)e M"Y cos w(n? + n)x

n=1|

oo
>nme™ ™ — 1y ne”™ »0.
n=6
Furthermore, Im y, 3(0) = 0. Thus
Imy,3(x) >0, O<x<}

Also, if 0 < x < ¢, then 0 < Argg < 7/6, and from (24), (25) and the
inequality above it follows that

0<Argle;—e3)<m/3, O<x<i

On the other hand, if { < x < 1, then 7/6 < Argq < n/2, and from
(24) and (25) it follows that

0 < Arg(e; — e3) < 271/3, t<x<i
These results show that

Im(e; — e3) > 0, x> 0.



UNIQUENESS OF MINIMAL SURFACES EMBEDDED IN R? 613

Furthermore, since Im(e, — ¢3) is an odd function of x,
Im(€2 - €3) <0, x < 0.

(c) is proved.

Part (d) of the proposition follows immediately from (24). Hence the
proof of the proposition is complete.

Lemma 3. Let L(1,1) be a lattice, where T = x + iy € F, and let
B € R — {0} such that equation (1) of Lemma 2 is satisfied. Then s = 2
and x = 0.

Proof. By Propositions 3 and 4, if |x| < % ands=1lorx =0ands = 3,
the real parts of the first and second members, respectively, of equation
(IT) are of opposite sign. Furthermore, if x £ 0 and s = 3 or x # 0 and
s = 2, the imaginary parts of the first and second members respectively,
of equation (II) are of opposite sign. Hence the lemma is proved.

Remark 3. In accordance with Lemma 3, if there exist B € R — {0}
and a lattice L(1,1), T € F, such that equations (I) and (II) of Lemma
2 are satisfied, then L(1,7) = L(1,iy), y > 1, and s = 2. In this case
2n+e; €R, e —e; €R, k,j =1,2,3, and equations (I) and (II) are
respectively equivalent to

() 2m+ e = B? (2'71 te + 2m +e3>

e —é €3 — &

1 1
T —n=nB? .
( ) y(2m + €2) n=nB (6’1 e + o — 62)

We shall prove that the unique solution of equations (I') and (IT') is
y =1 and B = \/=/2. For this purpose we need Propositions 5-8:
Proposition 5. Let L(1,iy) be the lattices of C, where y > 1. Then:
(a) (21 +e1)/(e1 — e2) + (2m + e3)/(e3 — €2) > 3(1 — e72™)3,
(b) the function f(y) = y(2n, + e;) — & satisfies
- 2p—my
)< Ty and f(1) =0,

(c) the function h(y) = me~™ /(e; — e;) + me~ ™ [(e3 — €2) satisfies

—2(1+e ™)e ™
(1 _ e—2ny)2

Proof. From (20) and (21) we have

0>hn'(y)> and k(1) =0.

(_ 1)n+l ne—Znny

27]1 +e = 7[2 + SﬂZZSn(y)a Srl(y) = 1 — e2nny ?

n=1
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o
e1—ey=n (1423 (=1)e )4,
n=1

By using (19), we obtain for # odd,
2e—27ty B
Sp(¥) + Sne1(y) > (1 - Tj;:{;;;) ne= > 0,
_e-nnzy +e—n(n+1)2y <0,
s0, 211 +e; > n? and %2 > e; — e, > 0. Hence

2’71 €] —27yN\3
—_—_— - -,
(26) e —e; = (1 e )

Also, from (23) and (24) we have

oo 4
16n2e—my
0>e3—e > —l6n2e™™ (1 + Ze—hny) - _
n=1

(1— e—2w)3’
—8n2e—™
2m+e < 1o
Thus 5 .
N +e3 —27p\3
LNTE S 1 - )3,
ez—e 2( ¢ )

which together with (26) proves (a).
In order to prove (b), from Proposition 1 we notice that (1) = 0. Also

(27) ) =2m+e+y2n +e)(y).
Using (23) we obtain

ad ne =T
(28) 2m+e =823 Ry(»), Ra(y)= (—1)"+1m-

n=1

Thus, for k =1,2,---, from (19) we have

R 2he=2mr (1 3¢ " 0
2% + Ropy1 < —2ke T30 —etm) <0,

(29) 2m+e = 872 [m— + Z(ng + R2k+1)

< L0
=T e\
k=1 (I —em2)

} 8nle—my
Also,
nn3(1 + e~ 2%y )e—mny
R;z(y) = (_l)n (1- e—2nny)2 ’
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andfork=1,2,...

-2k — 1) 4nk?(1 4+ e—%%)
2-1(0) + Ry () < en(2k—1}y (1 — e—4n)2p2nky”

So,

, 41+ e *me~"\ n(2k — 1)?
(30) R2k—l(y) + Rlzk(J’) < - <1 - (1- e—47:)2 ) em(2k=1)y °

But,

(e <]

22kt = —n(2k—1)y __ e
(31) g(zk 1)%e > gke =
Also, by (19) we obtain
4(1+e e " _ 4
(32) "o emy 23
Thus, from (30), (31) and (32) it follows that
s = 4me~ "
;Rln(l’) = kzz:lRlzk—l(J’) + Ry (¥) < TS0 ey

which together with (27), (28) and (29) implies that

—8n%(4ny — S)e™™ _ —12x%e™
5(1 — e—27zy)2 - (1 _ e-—Zny)Z'

(33) f') <

Hence (b) is proved.
In order to prove (c) we have (1) = 0 from Proposition 1, and from
(21) and (24) it follows that

(L4250, (=1)"(1 = 4n)e=m)e ™™
(142372 (—=1)re=nr*ny)s
E;“;l(nz + n)e—(n2+n)ny
AL L et

h'(y) =

So, #'(y) < 0 and

/ -'(1 +6e e ™ _ _1_ - —2nny
W) 2 =55y 2n§=:lne :

Thus, by using (19) we have

e~y —2(1 + e ™W)e ™

' _N,—TY
h (y) 2 2e 2(1 _ e—27ry)2 - (1 _ e—27ty)2 ’

which finishes the proof.
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Remark 4. Proposition 5 allows us to define C*°-functions B;: (1, c0) —
R, j = 1,2, such that, in the lattices L(1, iy),

2n +e 2n +e 2m +e
m 2 l(y)(ﬂl Ly m 3)

(1) mte_p
e~y e — e e — €

1 1
IIII _ — —ny.
(") y(2m +e) —n=nBy(y) (el —ta _ez) e

Then there exist B € R — {0} and a lattice L(1,iy), y > 1, such that
equations (I') and (II') are satisfied if and only if there exists y > 1 such
that By(y) = B2(y) > 0.

Proposition 6. B;(y) < Tiﬁe’—'_zzT)s.

Proof. The proof follows from (29) and (a) of Proposition 3.

To evaluate B,(y) we need the following elementary proposition.

Proposition 7. Let f,h,K: (1 — ¢,00) — R be C*°-functions such that
(@) f(1)=h(1)=0, (b) K () <0, K'(y) <0 and ['(y)/h'(y) > K(y) >0,
¥y > 1 —¢. Then the function f(y)/h(y) is defined in [1,00) and f(y)/h(y) >
K(y).

Proposition 8. B,(y) > 67%/(1+e7 7).

Proof. Let f,h:[1,00] — R be defined by

S0 =y@mte)-n o) =n (oot o).

e — e €3 — &
From Proposition 5 we have f(1) = 2(1) =0, A'(y) < 0 and
! 2 2
') S 6n S 6m .
AMy) " 14+e ™ = 1+e "
Thus, by using Proposition 7 we obtain

f) _ _6n®
By(y) = ol > 1o

which completes the proof of Proposition 8.

Lemma 4. Let L(1,iy) be a lattice where y > 1, and let B € R — {0}
such that equations (1) and (1) of Lemma 2 are satisfied for s = 2. Then
y=1

Proof. Tt follows from Propositions 6 and § that B>(y) > B;(y). Then
Remarks 3 and 4 prove the lemma.

Using all the results above, we can finally proceed to the proof of The-
orem 1 and its corollary.

Proof of Theorem 1. Let x: M = T, — {q1,q2,93} — R? be a minimal
immersion as in Theorem 1, where 7; = C/L(1,1), T € F. Then, from
Lemmas 1 and 2 we have the following:
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(1) After a rigid motion, a homothety of the immersion in R? and a
translatica of coordinates of C, the Weierstrass representation (g, w) of x
is given by

g=2B(e,—e¢)/P', w=(P—-e)dz, BeR-{0},

7(0)=¢3, =m(we)=¢q2 w(w)=4qi,
where (s, k,?) is a permutation of (1,2,3), BER—- {0}, and n: C — T is
the canonical projection, and the end associated to the point g5 is the flat
end.

(2) Equations (I) and (II) of Lemma 2 are satisfied in the lattice L(1, 7).

But, from Lemmas 3 and 4, if equations (I) and (II) are satisfied in
L(l,7),thent=iand s =2,

On the other hand, if B = /%/2, by Proposition 1 we find that equations
(I) and (II) are satisfied in L(1,{). That is, under these conditions the
immersion obtained is the same one constructed in [1]. This finishes the
proof.

Proof of Corollary 1. Let x: M — R? be an embedded, complete mini-
mal surface with ¢(M) = 12z. Then M is conformally equivalent to a com-
pact Riemann surface, M, of genus y, punctured at the points g, - - , gw.
Thus we only need to show that y = 1 and N = 3. Since the ends of M
are embedded, it follows from [5] that

127 = -27[2 — 2y — 2N],
and therefore
y+ N=4.
However, M cannot be embedded in R? as a complete minimal surface of
finite total curvature in the three following cases:

(1) M~S*—{q,"--,qv}, 3N <5,

2) M =M, {41,402}, 7 >0,

(3) M~ B, — {q1}, 7> 0. |

Cases (1) and (2) follow from [5] and [10] respectively. Case (3) follows
from the fact that the coordinates of a minimal surface are harmonic
functions. Hence the proof is complete.
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